OBOBLLEHHbBIE NUHEAHBIE MOAENW

Ceprent HUKONEeHKO

CNeéry — CaHkr-Metepbypr
12 pekabpsa 2024 .

Random facts:

- 12 gexkabps 627 roga coctosanacb 6UTBa Npu HUHEBUU, B pe3ynbraTe KOTOPOW BU3AHTUNLbI
nocne 400 neT BOWH CMOIMU-Taky OTCTOATb Manyio A3uio

- 12 nexkabps 1868 r. B xoae BOWHbI TDONCTBEHHOIO anbaHCca (TakKe U3BECTHON Kak
Maparsaiickas BoilHa) NpousoLna 61uTea nNpu ABai, CUNTAIOWAACA CAMOW KPOBABOW B
ncropuu t0xHon Amepuki: okono 3000 y6uTbix 1 600 paHeHbIX C Naparsarnckoi CTOPOHbI

- 12 pekabps 1910 . B Hblo-Mopke HacneaHnua napMioMepHoil komnaHun opoti ApHONbA
OTnpaBunach 3a HOBbIM NAATbeM ¥ Tak U He BepHYNach; CyX0B 1 BEpCUii 6bifno MHOTO,
CeMbs UCKana eé noyTu JecATb N1eT, HO Cyabba eé Tak U ocTanacb HeM3BeCTHOM

- 12 nexkabpsa 1935 r. feHpux MMMMep ocHoBan NpoekT Lebensborn («MCTOUHUK XU3HU») AN
NOATOTOBKM MOMOABIX «PACOBO YMCTbIX» MATEPEN N BOCMUTAHUSA «aPUNCKUX» MNAAeHLeB; a
12 nekabps 1941 roaa Ha BCTpede PenxckaHuenspuv Agonbd Mmtnep dakTnyeckn o6bssun
06 OKOHYaTeNIbHOM peLIeHUV eBPENCKOro BONpoOca

- 12 nexkabps 1993 r. BCeHapoAHbIM roNoCcoBaHMeM Gbina NPUHATA HoBas KoHCTUTYUus PO

+ 12 nexkabps 2000 r. BepxoBHbin cya CLUA BbinycTMN CBOE peweHue no aeny Bush v. Gore,
NOATBEPAMB, UTO [HKOPMK byw-MnaawWwmnin ctan Npe3ngeHTom



9KCNOHEHUWANBHOE CEMEWCTBO




9KCMNOHEHLWANBHOE CEMENCTBO

- Mbl BUAENY 06K NaTTEPH: HAWTK NpaBaonogo6me,
MOCMOTPETb Ha ero hopMy 1 JoraaaTthes, Kak JOMKHO BbIMMAAETb
CeMenCcTBO COMPSKEHHbIX anPUOPHbIX pacnpeaeneHui.

- 37O BbIMNAANT KaK AOCTAaTOYHO HECMOXHas npoLeaypa, kotopas
NOMKHa 0606LLAaTbCA.

- JKCMOHeHyuanbHoe cemelicmao pacnpegeneHuin (exponential
family): napameTpuyeckoe ceMencTBo pacrnpeneneHnn
NPUHAANEXUT 3KCMOHEHUMANbHOMY CEMEWCTBY, ECI OHO UMeEeT
BMA

p (x]0) = h(x)en® tG)=al) — p(x)g(f)en®) tx)
AN HEKOTOPOTO napametpa 6; 3aech g(f) = e,
- BekTopHas yHKUMA t(x) BblAENAeT 00cmamouyHbie

cmamucmuku (sufficient statistics), u oHa UrpaeT pob
N3BNEUEHUS NMPU3HAKOB 13 X.



9KCMNOHEHLWANBHOE CEMENCTBO

- Ecnu n(6) = 6, To Takaa napameTpr3aumna Ha3biBaeTCs
ecmecmeeHHoU, a 6 B TaKOM Clydae Ha3blBaeTcH
ecmecmeeHHbIM napamempom (natural parameter):

p(x]0) = h(x)e"Tt(XFG(G) — h<x>g(9)69Tt(x).

- OnpefeneHue BbIMMAAUT O4YeHb 0OLLMM; TMaBHOE
NpeanonoXeHune 3aecb B TOM, Kak 6 1 x pa3fenstorcs B 3TOM
onpefeneHun: B IKCMOHEHTE OHY CBA3AHbI APYT C APYrom
NHEWNHO, @ BHE IKCMOHEHTbI MOHOCTbIO Pa3HECEHbI MO
yHKUMAM h(x) 1 g(#), TO eCTb eINHCTBEHHAA 3aBUCUMOCTb
MeXAy X 1 6 — 3TO CKansapHoe Npou3BefeHmne B 3KCMOHEHTE.

- Booble roBops, NOYTN BCE, O YEM Mbl TOBOPUNM — YaCTHblE
Cyyan 3KCMoHeHYyuaabHo20 cemMelicmaa pacnpeaeneHuni.



9KCMNOHEHLWANBHOE CEMENCTBO

- Hanpumep, OUHOMMANbHOE pacnpegeneHune
. n n—k
Binom (k|n, p) = (k)p’“ (1-p) "=
_ (n)eklogp+(n—k) log(1—p) _ (n)eklog ﬁJrnlog(lfp).
k k
- B ntore nonyvaetcs, uto OUHOMMANbHOE pacnpegeneHue
NPUHaANeXnT 3KCNOHeHUManbHOMY CeMeI;lCTBy, nero
@CTeCTBEHHbIN napameTp — 310

p e’

1_p7 p:1+697

0 = log

TO €CTb B TOUHOCTY Te cambie log-odds; t(k) = k, h(k) = (}.),

a(f) = —nlog(l—p) = nlog(1+€%), g(#) = GBI — (-,



9KCMNOHEHLWANBHOE CEMENCTBO

+ AHanornyHo, MynbTMHOMMANbHOE pacnpeseneHmne

n! Ty To Ty k .
—nl__ptipte ecn Y0z, =n
Mult (|1, py, ..., pj,) = 4 “rieab-exttl 52 by 2 % ’
0 B MPOTVUBHOM Cyyae,

MOXHO nepenmncarb Kak

n! k

- x;logp;

Mult (x|n, py, po, -, Pr) = 5 Teis1 EPs
xylxy! ..z

TO eCTb Ha NepPBbIN B3MMAL KAXETCS, UTO B IKCMOHEHLMANbHOM
cemencTse 34ecb

t(x)=x, O=logp, a(0)=0, h(x)=



9KCMNOHEHLWANBHOE CEMENCTBO

- Ho Takoe npeactaBneHne BeAeT K TeXHUYEeCKUM TPYAHOCTAM
13-3a TOro, Y10 a(f) = 0, NO3TOMY Ny4lle Bbipa3uTb

ezle z;logp; _ 621:11 Z; logpiJr(ani:ll wb) 10%(1*21-:11 Pi) —

k—1 . k—1
iy T 10%(#)“1 10%(1*21‘:1 :Di)
e — 5

i;I Pq

- Takum o0bpasom, B utore t(x) = x,

k-1 ko g,
v Tenepb a(f) = —nlog (1 — i pi) = nlog (ijl 69]) .
- B 06paTHOM BbIpaxeHuun Ans p; yepes § 'y Hac onsTb
nonyyunnacb Kak pas Ta Camad SOftmaX‘(byHKLLl/lﬂ.



9KCMNOHEHLWANBHOE CEMENCTBO

o € pacnpegeneHnem HyaCCOHa coBCeM HeT BOMPOCOB:
1 1
P ({L‘|>\) _ 7}\:567)\ — 7ewlog/\7)\
x! x!

cpasy xe NPUHAANEXNT IKCMOHeHLMANbHOMY CEMeNCTBY C
t(z) =z,0 =log\ h(z) = 5, a(f) = A =¢’.

- Pegkuii Npumep pacnpeaeneHus, KOTopoe He NPUHAANEXNT
IKCMOHEeHUanbHOMY CeMel;lCTBy — JTO rnMnepreomeTpmnyeckoe

pacnpefgenexve

)

L

ero Npeo6pa3oBaTh K HY)XHOW JOpMe HMKAK He MONy4nTCs.

p(z|N,n,K) =
n—x



9KCMNOHEHLWANBHOE CEMENCTBO

- HopmanbHoe pacnpegeneHue:

1
N (z 9 0'2 = e 202 (z—p)” _
22\ [ —1/20% 2
V2mo? Vor

- NHaye roBops, OAHOMEPHOE HOPManbHOe pacnpeaeneHne
NMeeT f1Be A0CTaTOUHbIe CTAaTUCTUKN, t(z) = (=), u
eCTEeCTBEHHbIV NapameTp pa3mMepHOCTU ABa:

0 0.\ (-1/20%\ (—-7/2)
~\6)  \ woe? S\ pr )
a OCTanbHble MYHKUUN BbIFNSAAT Kak h(z) = \/%

2 r 1 03 1
L —i—loga—ﬂ—fl T=—2% — —log(—26,). 3

90 =20 2 2 ® 102 2



9KCMNOHEHLWANBHOE CEMENCTBO

- MHOTOMEpPHbIN rayccuaH:

e~ (x—) B (x—p) —

N (x|, Z) =

— 2 (x"S 7 x—2x" S pp " S ptlog(2m det B2))
- Hy)KHO NpeacTaBUTb x| ¥ 1x B BUAE CKaNsAPHOro

npousBeaeHuns; 3nechb vec (A) 0603HayYaeT pa3BopaynBaHme
MaTpuLbl B MNOCKUI BEKTOP:

d

x'Y1x = Z (E’l)ij Z;T; = vec (XXT>T vec (Eil) .
ij=1
T 1 =il
- Bwutore h(x) =1, t(x) = (Vec s )> 0= ( QVGZ(E )>
X X7

a(0) = pu" Xy + log (2rdet X0) . 3



9KCMNOHEHLWANBHOE CEMENCTBO

- Tenepb WHTEpeCHble pe3ynbTaThl. MepBbli — 0 cpeaHem u
JANCNepcun pacnpeaeneHuin N3 3KCNOHEHLMaNbHOro CeMencTBa.
- WHTerpan ot no6oro pacnpeneneHus paBeH equHuLie:

= 1og/h(x)eeTt(x)dx.

- BO3bMEM rpagmeHT no # cneea u cnpasa:

T 0!t(x)d
Vya(0) =V, log/h(x)eﬁ 6(x) gy — J Vh(x X
fh 6‘9 t(x)J

_ [he)Ve’ tdx [ h(x)e’ tlt(x)dx
- ca(®) eaw)

= /t(x) (h(x)eeTt<x)’“(6>) dx.




9KCMNOHEHLWANBHOE CEMENCTBO

- MIHaue roBops, Mbl BUANM, YTO V,a(f) — 3T0 maTematnyeckoe
OXUAAHME AOCTATOUHbIX CTATUCTUK UCXOLAHOTO pacnpeneneHus:

E[t(x)] = V,a(6).

+ 3TO OYEeHb MOLLHbIA Pe3ynbTaT, KOTOPbIA HEPEAKO NPUTOXKAAETCS
1 B MAWWHHOM 0BYYEHNN.

- OYHKUMIO a(f) HasbiBatoT Kymy1sHmom (cumulant).



9KCMNOHEHLWANBHOE CEMENCTBO

- Kpome Toro, Anst MUHUMANbHbIX NMpeaCcTaBieH N
pacnpeneneHnin n3 aKCNOHeHUWanbHOro CEMeNcTBa, Koraa B @
HeT NMMLWHUX NapaMeTpoB, 3TO MOXHO 06PaTUTb, TO eCTb
BbIpa3uTb 6 yepes E [t(x)].

- 3necb 6yAeT eCTeCTBEHHO PacCMOTPETb Napamempu3ayuro
cpedHum (mean parametrization), B KOTOpPO napameTpom 6yaer

1 =E[t(x)] = V4a(0).

- Hanpwvmep, NpvBbIYHAA Ham NapameTpu3aLus rayccmaHa
MMEHHO TaKoBa.



9KCMNOHEHLWANBHOE CEMENCTBO

- Pe3ynbTaT MOXHO MPOAOMKUTD HA APYre MOMEHTBI.
- PaccmMoTpyM mMaTpuLy BTOPbIX MPOM3BOAHbIX a(f):

*a  OE[t a(6)
(0) Jv —
90,00, ae ~ 00, / dx =

= /ti(x)h(x)%dx = /ti(x)h(x)e"Tt<x>_"'<9) (tj(x) — 8;;6)) dx =

J

=E [t,(x)t;(x)] — E[t;(x)] E [t;(x)] .
- MIHaue roBop4, reccraH yHKUNUK a(f) — 3TO B TOYHOCTY

mMaTpuLla KOBapI/IaLI,I/Il7I BEKTOPa AOCTATOYHbIX CTATUCTUNK t(X)Z

k

Var [t(x)] = H (a(f)) = (322;9)

1,7=1

+ AHanornyHble pesynbraTbl BEPHbl 1 AN APYTUX MOMEHTOB.



9KCMNOHEHLWANBHOE CEMENCTBO

- BTopow pe3ynbTaT — 0 NpaBaonofobuu:

N
(X, xXp|0) = H =),

n=

N
logp (X1, ...,x5|0) = ) logh(x (Zt ) Na(6).
=1

n

[u

- Bcé, uto B norapume npasLonogobua 3aBUCUT OT 6, COREPXNT
x,, TONbKO B BUAe ZnN:1 t(x,,).

-+ T.e. 4OCTATOYHO COXPAHATb CYyMMbl 25:1 t(x,,) nuncno N, a
Camy TOUKM X,, MOXHO «3abblBaTb»; MO3TOMY t(x,,) Ha3blBAOTCA
00CMAmMOoYHbIMU CMamucmukamu.

- Hanpumep, 414 0QAHOMEPHOrO rayccuaHa 4OCTaToOuHO XPaHUTb
25:1 T, U ij:l x2, U U3 HUX MOXHO HaWTU runotesy
MaKCKMManbHOro NpaBaonoao6us u Ans u, U Ans o>.



9KCMNOHEHLWANBHOE CEMENCTBO

+ W camy rmnortesy MakCcMmanbHOro I'IpaB,D,OI'lOLI,O6VIﬂ MOXHO
HauTK, B3SB rpagneHT no 0 n NMPUPaBHAB HYMIO:

Vga(0) = Ve’l (Zt )

- [Ins ectectBeHHOro napametpa n(f) = 0 npasas 4yacTb He
3aBUCUT OT 6. A Npu napameTpusauunm cpeaHum, n(d) = 6, cpasy

3

- Teopema KynmaHa-lTummarHa-fapmya
(Pitman-Koopman-Darmois): npu HeKOTOPbIX YCIOBUAX
pPerynapHOCTY 3KCMOHeHLUManbHoe CeMEeNCTBO — 3T0
edUHCMeeHHoe CeMEeWCTBO pacnpeaeneHnini C KOHeYHbIM
HAabOpOM [OCTATOYHbIX CTAaTUCTUK, T.e. C HABOPOM [OCTATOYHbIX
CTAaTUCTUK, Pa3Mep KOTOPOro He 3aBUCUT OT IV.

= Vya(0

Z\H



9KCMNOHEHLWANBHOE CEMENCTBO

- TPeTumn NHTEePECHbLIN pe3ynbTaT — y)Ke 0 6aeCoBCKOM BbIBOAE:
0Ka3blBAETCH, €CTb YHMBEPCANbHbIA CNOCO6 HAWTK CEMENCTBO
COMNPSKEHHDBIX aNPUOPHbBIX pacnpeaeneHnmn ans noooro
pacnpefeneHuns U3 3KCNOHeHLUManbHOro CEMencTea.

- [1na cemencTBa pacnpefeneHunin c napameTpom 6 cemencTeom
COMPSHKEHHBIX aMPUOPHbIX pacnpegeneHnin dyoet

p (0|X; V) = f(X, V)eXT”](e)*Va(G)’

rae x U v — runepnapameTpsl, GyHKUMA a(f) Ta e camad, uTo B
MCXOLHOM pacnpeneneHunm, a gyHkums f(x,v) — 310
HOPMMPOBOYHAs KOHCTAHTA.



9KCMNOHEHLWANBHOE CEMENCTBO

- [laBanTe Haugem anocTepumopHoe pacnpeneneHue:

P (9|x1, s XN X 1/0) xp (0|X0, Vo)p (X, Xp7|0) -

- oactaBum:

N N
logp (6]%y, - s Xns Xgs ¥0) = Zlogh +n(0)T <Zt(xn)> —Na(9)+
n=1 n=1

+log f(xo, o) + Xo1(8) — voa(h) + const =

= const + (xo + it(x,)) n(0) — (N + v,) a(9),

n=1

M B MTOre Y HaC NONYYMNOCh ANOCTEPUOPHOE pacnpeaenexme
P (0]x > v) TOTO e BUAQ, HO C NapameTpamu

N
VN:VO+N7 XN:X0+Zt(Xn)
=il



9KCMNOHEHLWANBHOE CEMENCTBO

- CHOBa BMAMM, 4TO ANA anNOCTEPUOPHOTO PacrnpefeneHus HyHo
N
3HaTb TO/bKO [OCTATOUHbIE CTAaTUCTUKN H " | t(x,,).
- bornee TOro, MOXHO ¥ NPefcKkasaTenbHoe pacnpefeneHune HanTu:

p(x‘xl,...,xn,xo,uo):/ (x]0) p (9‘x1,...,xN,XO,1/O)d9:

_ / B(x) et TO-a0) f (3, ) exmO)vald) 4 —

_ " h(x)eE0Hxy) 0O —(nt1)a(6) — FOtwr V) ,
o) [ 169 Ty + ), vy + 1)

- Monyunnocs, 4To NpeackasartenbHoe pacnpeaeneHne — ato
OTHOLWEHWE HOPMUPOBOUHbIX KOHCTAHT ANIA COMPSKEHHOTO
anpuopHOro pacnpeaeneHns C pa3HbiMi NapameTpamu.

- CpaBHUTe 37O C BbIBOJOM NMPeAcKa3aTenbHOro pacnpeaeneHmns
ANA UCNbITaHWI BepHYNAW, KOTOPbIN Mbl AeNanu B Hayane Kypca.



OBOBLWEHHBIE TUMHENHBIE MOAENU




OBOBLWEHHBIE MUHEWHBIE MOAENN

- PaHee Mbl 0606LWWNM MHOFOE U3 TOTO, YTO Y3HANMN O PA3HbIX
pacnpegeneHunsx n 6anecoBCKOM BbIBOAE ANS 3TUX
pacnpefeneHunii B 3KCNOHEHLManbHOM CEMENCTBE.

- Tenepb AaBanTe nonpobyem 0606WNTL NPOMCXOAsLLEE B
NUHENHbIX ModeNnsx ANs 3a4ay perpeccum n knaccuukaumnm.
- W nHenHasa, n NorncTnuyeckas perpeccus MMerT OfHY U Ty e
dopmy:
7= h(w'x),
TONbKO ANA pasHbiX MYHKLUUI h: h(a) = a ANF NUHENHOW
perpeccun u h(a) = o(a) ANg NorncTNYecKon perpeccun (B
HUHAPHOM Clyuae).

+ MoxeT 6bITb, MOXHO 0606LWNTL?



OBOBLWEHHBIE MUHEWHBIE MOAENN

- 0606WeEHHblIe nuHeliHble modenu (generalized linear models,
GLM): HauHéM C TOro, UTO OMpefenuM NUHENHYID MYHKLMIO OT
BXO40B

c=w'x,

a 3aTeM Onpeaenum cpefiHee MHTepecyLlero Hac
pacnpefeneHnsa u kak yHKLMIO OT a.

- O6blYHO 337at0T 06PATHYIO K HEN OYHKLNIO

c=g(p), TOECTb pu=g '(c);

- g HasblBaeTca yHKkyuel cesa3u (link function), n B KauecTse g
MOXHO Bbl6PaTh NMPAKTUYECKM NOOYI0 0OPaATUMYIO (DYHKLMIO.



OBOBLWEHHBIE MUHEWHBIE MOAENN

- Hanpumep, B NMHeNnHON perpeccnn g = g+ = id, a B 6UHapHOW
noructuueckon perpeccun g-t(a) = o(a), 70 ecTb g(1) = log ﬁ
[lanee Hy)XHO onpeaennTb OAHOMEPHOe pacnpeaeneHue

p (y|x, W) CO CPEAHUM j, KOTOPOE 6bl NCMONb30BaNo g 1 (w'x)
KaK [1OCTAaTOUYHYO CTAaTUCTUKY.

Mpasaa, Mbl XOTUM Hay4YUTbCA KOHTPONMPOBATb HE TOMbKO
cpefHee, HO 1 AVWCNEPCUIO HA BbIXOAE, MO3TOMY BMECTO 06LLero
BMAA IKCMOHEHMANbHOTO ceMencTBa byaem paccMaTpuBaThb
pacnpegeneHune Buaa

y0—a(0)

p(y|0,0?) = h(y,0%)e =,

rae o2 — napameTp gucnepcun (dispersion parameter).

Camo 3TO CEMENCTBO MHOrAA Ha3biBAOT AUCTEPCHbIM
3KCMoHeHyuanbHbiM cemelicmeom (overdispersed exponential
family); 370 He 0606LeHNe IKCMOHEHLMANBHOIO, a €ro YaCTHbIN
Cry4an, B KOTOPOM t(y) = %, @ KYMyNAHT paBeH %a(@). 5



OBOBLWEHHBIE MUHEWHBIE MOAENN

- TorAa fOKa3aHHbIM HaMK B NPeAbIAYLLEN NeKLMN pesynbTaT
E[t(x)] = Vya() cpasy naer cpeaHee

E {%] = w, Toectb Efy] =

+ A pesynbrar

Var [t60] = H(a(0) = 5307
96,00, )
[AET aucnepcuto

Var [%} = %Var [y] =

TO eCTb




OBOBLWEHHBIE MUHEWHBIE MOAENN

- OCTanocb TONbKO JOrOBOPUTHCA, UTO TaKoe 3aech 6;
0606LLEHHbIE NMUHEHbIe MOAENN MOTOMY U Ha3blBAKOTCA
NUHENHbIMK, UYTO § = W | X.

- 3TO 3HAYUT, UTO PYHKLMA CBA3M 3[eCb ONPEAeNnieTca KakK

T

g wix)=p=Ely|x,wl=d(w'x), gp=w'x

- Tak, Ang NUHEWHOW perpeccum

e yn—%u? 2 .1
— o) — % log(2mo?) _ 7%*(21{7+§10g(27m'2))

2\ _ p
p(ylp, o) =e 2 e ° ,
NMo3TOMY AnA ﬂl/lHe|7|H0|7| perpeccunn norM4HO NOMOXNTb

g=g'=id, 0=p=w'x,

1 —(22 Llog(2mo
al0) = —5u2,  hly,o?) = ¢ (B rEbsene)



OBOBLWEHHBIE MUHEWHBIE MOAENN

- BTOpow npumep — ucnbiTaHua bepHynnu. 3aecb cpegHee — 370
BEPOATHOCTb opna p = E [y | x|, U Mbl y)Ke 3HaeM, UTo

pylp) = p¥ (1 —p)' Y = evlos v Hoell—n)

TO €CTb B AAaHHOM C/1ydae MOXXHO MONOXUTb

o?=1, 6=log—t—, a(6)=—log(l—p), h(yo?)=0.

- Mony4ynnocb BNOXeHVe NOTUCTUYECKON Perpeccumn B
06006LWEHHbIe NUHEWHbIe MOAENN:

0

= 76 = — s 76 = o
H= e a() log<1 1+€9) log (1+¢%), 1O ecTb
—1 / 60 =il
g (0)=a'(0) = =a(0), n g(p) =log =o' (1)

L—p



OBOBLWEHHBIE MUHEWHBIE MOAENN

- Ho 3TV ABa NpuMepa Mbl 3HaNW ¥ TakK; @ UTO-HUBYAb HOBEHbKOE?

- HO UTO6bI N3BMEYb U3 MPUMEPOB HOBbIX MOAENEeN UYTo-TO
nonesHoe, HaAo0 CHavana HayunTbcs BECTY BblBOA.

- 3TO 1 B 06LEM C/TyYae MOXHO [efaTb TOUYHO TaK Xe, KaK Mbl 3TO
Jenanv ans NorucTUYeckomn perpeccum; norapudm
npaenonoaobus BbirMagnT Kak

yw'x —a(w'x)

logp (y|x,w,0?) =logh(y,o?) + 5 ,

(2

N, COOTBETCTBEHHO, ﬂOFaleCDM ﬂpaBﬂ,OI’lOﬂ,O@/lﬂ Ha6opa OAHHbIX
N
D= {<Xn?yn>}n:1 paBeH

Uw) =logp (yq, ... 7yN|x17 e Xy, W, 02) =

N
= const + % Z (y,w'x, —a(w'x,)).
n=1



OBOBLWEHHBIE MUHEWHBIE MOAENN

- OT Hero Tenepb MOXHO B3ATb rPaVeHT:

! i &l
wa(w) = ? Z (yn - a/(WTxn)) Xp = ; Z <yn - Mn) Xno
n=1 n=1

rae mbl noactasunu w, = Ely, | x,,, w).

- MIHaue roBops, Mbl CHOBA MOMYYWUIN B rpafnieHTe Cymmy
BXO[JHbIX BEKTOPOB X,,, B3BELIEHHbIX VX OLIMOKaMW, TO eCTb
OTKNOHEHUAMMN OT OXKWUAAEMOro CPeAHEero.



OBOBLWEHHBIE MUHEWHBIE MOAENN

- Pe3ynbTaT MOXHO MCMOMb30BaTh HAMPAMYIO B (CTOXaCTNUYECKOM)
rpafVieHTHOM CMyCKe, @ MOXHO, OMATb e B TOYHOCTU KakK B
NOrUCTUYECKOV perpeccui, caenatb CeayoLWni Wwar 1 nepenTtu
K MeTofZly BTOPOro nopsiaka:

1 Moo
_72;

rae matpuua S — 3To AnaroHanbHas MaTpuLia BeCos,
COCTaBMEHHas 13 NPOV3BOAHbBIX 06PATHON HYHKLMU CBA3K:

s Oy 6#2 Iy
S“dmg<em 90, 90y )

1
x) = ——X'SX,
a



OBOBLWEHHBIE MUHEWHBIE MOAENN

+ AHANOrMYHO NOrNCTUYECKOW perpeccunu, B JaHHOM Cliy4yae Mbl
nonyymm HOBbIN BapMaHT MeToda UTepaTuBHbIX
nepB3BelleHHbIX HaMeHbLI X KBaJpaTOB:

whew — wold _ (XTSX>_1 X' (n—y) = (XTSX>_1 XSz,

e
z=Xw" — S (u—y).

- Takum 06pa3om, Mbl MOXXEM MCMONb30BaATb 3TOT METOA A1 TOro,
yTO6bI HAWTW TMNOTE3Y MAKCUMaNbHOMO NPaBAONOA0OUSA B
Nt0601n 0606WEHHON NTMHENHOW ModeNu.

- B 6anecoBCKUi BbIBOA YrNybnaTbcs He byaem, HO ero Toxe
MOYHO MPOBECTW; OH NOMYUYUTCA TONbKO MPUOAVKEHHbBIM, HO
30eCh y)Ke pasymHee 6yAeT 1CMonb30BaTb 06LMe METOAbI
NPUONVKEHHOTO BbiBOAA — MCMC-meToabl AN BapnaLunoHHble
npUONVHKEHNS.



OBOBLWEHHBIE MUHEWHBIE MOAENN

- A Tenepb MOXHO 1 YTO-HWUBYb HOBEHbKOE MOMyunThb. Mepsbin
HOBbIN NpuUmep — nyaccoHosckas pezpeccus (Poisson
regression).

Mpeanonoxum, 4To Lenesas NepemeHHas y B Hallen mogenu
MMEET CMbICN YMCNa HEKUX MPOUCXOAALLUX HE3AaBUCMMO ApYr OT
Zpyra coOObITUI: 3BOHKM B KONA-LEHTP, NaKN NOJ HOBbIM
MOCTOM B COLMANbHOW CETU, YNCNO MyTaLMIN B JAHHOM y4YacCTKe
[OHK n Tak ganee.

- ViHaue roBops, y 661710 6bl HEMIOXO ONUCATb pacnpeaeneHnem
MyaccoHa; NoCKonbky cpefiHee 3eCb COBNafaeT C
MHTEHCUBHOCTLIO A, laBanTe cpa3y nepeobo3Hauymm ee yepes pu:

1
p(ylp) = guye*“, T0 ecTb  logp (y|p) = ylogpu —p—log (y!).



OBOBLWEHHBIE MUHEWHBIE MOAENN

+ Mbl BUAWM, YTO €CTECTBEHHbIM NapamMeTPOM 30eChb ABNAETCH
6 = log i, ¥ NPUHAB, KaK 06bIYHO, § = W' X, Mbl NONYYUM
0606 LWEHHYIO NUHENHYI0 MOAENb

logp (yx, w) = yw'x — ™' * —log (y),

1

a.

-/l Tenepb Mbl y)Ke ymeeM 06yuaTh 3Ty MOAENb WU FPAANEHTHbBIM
CMNYCKOM, UM METOJOM BTOPOTO MOpsiAKa.

TO eCTb B JaHHOM cayuae o2 = 1, a(f) = e = e '*, h(y,0?) =



OBOBLWEHHBIE MUHEWHBIE MOAENN

- OnHako pacnpefgeneHue MyaccoHa YacTo OKa3biBAETCA
HEeAOCTAaTOUYHO BbIPA3NTENbHbIM.

- Y Hero gucnepcus CoBnagaeT Cco CPeAHUM, a B peanbHbIX
JaHHbIX 3TO 3a4aCTyt0 He TakK, U XOTeNoCb HGbl UMETb MOXOXEee Ha
nyaccoHOBCKOe pacnpeaeneHve C nepeMeHHoN aucnepcuen.

- BO3MOXHbIV OTBET Ha 3TOT 3aNpocC — oTpuLaTenbHoe
H6MHOMMUANbHOE pacnpeaenexHne

k+r—1 E
L) a=ptn

NegBinom (k|r,p) = (
- Ero cpefiHee cocTaBnseT u = @, W B 3KCMOHEeHLUManbHoe
CeMEeNCTBO OHO BKMaAblBAETCA KakK

k+r—1

NegBinom (k|r,p) = ( I

)eklogprrlog(lfp)’ TO eCcTb
k +r— 1)

0=logp, t(k)=k, a(®) =—rlog(l—"), (k)= ("""



OBOBLWEHHBIE MUHEWHBIE MOAENN

- OmpuyamenbHas 6uHomuanbHaa peepeccus (negative binomial
regression) — 310 0606LWEHHAA NMUHERHAs MOAeNb C
oTpuuaTenbHbIM BUHOMUANbHbBIM pacnpefeneHem B KayecTse
yHKLMY CBA3M:

WTX

B e T
/‘L = g 1(WTX) = a/(WTX> = Tl _ ewa = e—WTX — 1

- B napameTpu3aunm cpegHum p = £

. T
prie) 1—p= /H_T,TO eCTb

) k+r—1 ro\" k
NegB1nom(k|r,u):( re1 )<7’+u) (Tiu> .

+ W Tenepb Mbl y)Ke TOXe ymeem o6yanb 3Ty Mmoaenb unu
rpagneHTHbIM CMyCKOM, NN MeTOAOM BTOPOTO nopAaKa.
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Midlothian 21 225 56 188 S | Ayr 110 2 84  26.4 W
West Lothian 24 22 18 379 W | Kircudbright 110 0 11.3 S
East Lothian 33 44 30 434 S | Kincardine 125 1 12.3 N
Kinross 33 3 7 303 N | Bute 13 0 43.6
Fife 36 41 94 41.3 N | Aberdeen 156 3 23.1
Peebles 41 9 9 293 S | Wigtown 157 0 23.
Clackmannan 41 2 11 474 N | Banff 159 4 129
Selkirk 52 5 5 S | Moray 174 2 27.6
Lanark 54 23 147 W | Nairn 175 0 8 453
Berwick 56 11 31 S| Argyll 179 1 72 127
Roxburgh 67 9 34 S | Inverness 234 7 74 108
Stirling 71 13 51 Ross 274 4 55 107
Perth 78 26 26 Caithness 274 1 23 283
Dunbarton 79 0 21 Sutherland 283 0 23 103
Angus 5 99 Orkney 366 0 29 9.0
Dumfries 3 55 Shetland 491 1 22 7.7
Renfrew 1 78
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