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Abstract

For a single-source unsplittable flow, consider rounding a feasible fractional flow x to one
path per terminal while requiring both the cost constraint ¢'y < ¢"x and the overload constraint
Yo < Tgq + Cdpax on every arc. Dinitz, Garg and Goemans proved that the congestion bound
alone is achievable with C' = 1; Goemans conjectured that cost preservation comes for free, and
this was disproved in July 2026 by a seven-vertex instance with critical constant 16/15.

We give a four-terminal planar acyclic family showing that every universal constant C' in the
overload constraint must satisfy

M = 1.139747070789... > 2

> C* =
c=z0 32 8

The construction is a directed spine with two private exits per terminal and exactly two simple
source-terminal paths for each terminal. An integer one-parameter subfamily has exact critical
constant 182359/160000 — 1/n, which is larger than % for n > 68. We also prove that 9/8 is
the exact supremum of the three-terminal template underlying the known counterexample, so
a different conflict system was needed; indeed, our new counterexample places four crossing
intervals on a spine and drives the conflicts through the unavoidable baseline loads of the
expensive routes. The graph is small and the results are easy to verify by hand, but we
additionally certify all our claims in exact rational or symbolic arithmetic by programs that
rediscover all simple source-terminal paths from the raw arc list; we make the certificate programs
available at https://github.com/snikolenko/unsplittable-flows. We conjecture that the
exact supremum of forced constants is 2, and record some structural questions that stand between
C* and 2.

1 Introduction

An instance of single-source unsplittable flow (SSUF) consists of a digraph D = (V, A), a source
s, terminals t1,...,t; with demands d; > 0, and nonnegative arc costs ¢ € R‘;‘O. Let x be a
feasible fractional multicommodity flow sending d; units from s to ¢;, and put dypax = max; d;. An
unsplittable flow chooses one s — t; path for each terminal and sends all d; units along it; we write
y for its arc-load vector.

Dinitz, Garg, and Goemans [2] proved that some unsplittable y always satisfies y, < 24 + dmax
on every arc. Goemans conjectured the cost-preserving strengthening: the same additive bound
together with ¢’y < c'x. This conjecture stood for a quarter of a century. It is known to hold
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when the demands form a divisibility chain (Skutella [13]; see also Morell and Skutella [9]), and
for series-parallel digraphs, where Almoghrabi, Skutella, and Warode [6] proved even the two-sided
form for general multiflows. Traub, Vargas Koch, and Zenklusen [17, 18] proved a cost-preserving
planar bound with additive error 2dy,ax, and Swamy, Traub, Vargas Koch, and Zenklusen [15]
gave a general transformation deriving cost-preserving guarantees from cost-free error-bounded
ones; in particular, the two-sided conjecture of Morell and Skutella [9] would imply a universal
cost-preserving additive constant 2d .

In July 2026 the exact conjecture was disproved by an explicit seven-vertex instance whose
critical constant is 16/15 [11], a counterexample found in an impressively brief discussion with a
frontier LLM (GPT-5.6). This result leads to the quantitative question addressed here: how large
must a universal cost-preserving additive constant be, if one exists at all? Note that whether a finite
universal constant exists for general graphs is still an open question; for planar instances 2 is known
to suffice [17].

In this work, we make the following contributions.

1. An improved lower bound. Section 4 constructs a four-terminal planar acyclic family
whose exact per-instance constants converge to (299 — 411/41)/32 > 9/8 (Theorem 4.7), together
with an integer subfamily of exact constant 182359/160000 — 1/n, which exceeds 9/8 for n > 68
(Corollary 4.8). The underlying digraph is a directed spine with two private exits per terminal;
consequently every terminal has exactly two simple source-terminal paths, and the instance is
immune, by construction, to the hybrid-path (“splicing”) failure mode that invalidates some naive
gadget constructions. We also prove (Proposition 5.2) that the symmetric three-terminal template
underlying the seven-vertex counterexample has exact supremum 9/8; the four-interval system is
therefore not a direct optimization of the known example but a different conflict system.

2. Where a stronger bound would have to come from. Section 6 records what we know
about the obstruction. The abstract rounding problem that we project in flow instances does not
admit a universal constant at all: odd antiholes force 2 — 4/n and Hadamard sign systems force
Q(y/n). However, none of those systems are known to be realizable by an actual flow, and the
obvious “one shared arc per set” gadgets lead to unintended source-terminal paths. We isolate this
question as open Problem 6.2. We conjecture (Conjecture 6.1) that the exact supremum of forced
constants is 2, the value of the planar upper bound of Traub, Vargas Koch and Zenklusen [17] and
of the conditional bound of Swamy, Traub, Vargas Koch and Zenklusen [15], and that it is not
attained exactly.

Figure 1 summarizes the resulting landscape.

All known counterexamples, including our new one, follow the same template. Each terminal is
offered a cheap route and an expensive route; costs are calibrated so that a routing satisfies the cost
constraints exactly when it uses at least a prescribed number of cheap routes; and the cheap routes
are arranged so that any admissible combination of them overloads some shared arc.

Writing z; € {0,1} for the choice of terminal ¢ and f; for the fractional share on its second route,
the overload of a shared arc e is

Yo — Te = Zdz(zz — fi) A, A; = x(Pl) —x(P), (1)

where P, P! are the two routes. Everything that both routes share (a common prefix and/or a

common suffix) cancels from (1). This is the key point of newly discovered counterexamples: the
support of a row of A does not have to be an “edge” of an intended conflict graph, and a terminal
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Figure 1: Bounds on the universal cost-preserving additive constant C'. Top to bottom: certified lower
bounds from actual flow instances; values achievable by abstract conflict systems but not (known to be)
realizable by a flow instance (Problem 6.2); upper bounds. The gap between C* = 1.1397... and 2 is the
main open problem.

that is not switched can still contribute to a row through the baseline load of its expensive route.
The seven-vertex counterexample works exactly this way (Figure 6), and our family generalizes the
mechanism to four crossing intervals on a spine.

Note that one cannot avoid this indirection. If one insists on a faithful realization, that is, one
shared arc ag per set S of a prescribed system, traversed by exactly the cheap routes of the members
of S, then at any shared arc a prefix-suffix splice of two cheap routes produces a further cheap
source-terminal path, and arc costs cannot make both splices more expensive than both originals
(see Section 6). The system realized here is an interval system that contains crossing intervals
Ip =10,2] and Iy = [1,4], and the crossing is realized by common prefix baselines of to and t3 rather
than by incidence.

AT use. This counterexample and its accompanying theoretical evaluation have been produced in
close collaboration with frontier LLMs, specifically GPT-5.6 Sol, Claude Fable 5, and Claude Opus 5.
While I cannot boast the same kind of “chad prompting” as Dmitry Rybin [11]!, as my discussions
took longer and were more involved, I would like to express my respect for and amazement at the
capabilities of frontier AI models. This is their work much more than my own.

!The discussion contained four short prompts, including the now-famous “You should do a breakthrough?”.



Verification FEvery numerical claim in this paper has been checked in exact rational or symbolic
arithmetic by programs that rebuild each instance from its raw arc list, discover all simple source-
terminal paths by depth-first search (rather than receiving the intended paths as input), and
enumerate all integral routings. Section 4.5 and Appendix A describe the artifacts; we make them
available at https://github.com/snikolenko/unsplittable-flows.

The rest of the paper is organized as follows. Section 2 briefly surveys related work, Section 3
introduces notation and preliminaries, Section 4 presents our construction, Section 5 discusses the
already found counterexample and its limitations, and Section 6 discusses possible avenues for
further work and directions of how one might attempt to close the gap.

2 Related work

Dinitz, Garg, and Goemans [2] introduced the additive formulation and proved the +dax congestion
theorem; Goemans’ cost-preserving strengthening is stated there. Kolliopoulos and Stein [4] and
Skutella [13] gave the classical bicriteria guarantees y, < 24 + dmax With ¢’y < 2¢'x and
c'y < c¢Tx respectively; see the introduction of [12] for the exact historical statements. Note that
a guarantee of the form y < 2x + dax yields no finite additive constant relative to x; the two
normalizations must not be conflated. Martens, Salazar, and Skutella [7] gave convex decompositions
into unsplittable flows for rounded demands. Morell and Skutella [9] proved the one-sided lower bound
Ya > Tq — dmax, the two-sided z,/2 — dpax < Yo < 224 + dmax, and the two-sided +dax statement
for divisibility chains, and conjectured the two-sided *+dp,,x statement in general. Traub, Vargas
Koch, and Zenklusen [17, 18] proved the Morell-Skutella conjecture for planar (and bounded-genus)
instances, and deduced the cost-preserving planar bound |y, — 4| < 2dmax. Almoghrabi, Skutella,
and Warode [6] proved that in a series-parallel digraph every multiflow is a convex combination
of unsplittable multiflows with |y, — 4| < dmax; averaging gives Goemans’ conjecture in that
class. Swamy, Traub, Vargas Koch, and Zenklusen [15] showed that any face-preserving rounding
algorithm with symmetric error audpay yields, for every A € (0, 1], a routing with ¢’y < A~ cTx and
|Yo — o] < (14 A)admax; at A = 1 this converts the Morell-Skutella conjecture into a cost-preserving
2dmax guarantee.

Recently, Rybin [11] provided a counterexample to the Dinitz-Garg-Goemans conjecture (see
Section 5). The present paper is, to our knowledge, the first to give a lower bound above 9/8, and
the first to isolate some structural obstructions to using set discrepancy directly.

Discrepancy. The abstract projection (1) is a one-sided weighted set-discrepancy problem with
one preserved linear functional. Classical references are Beck-Fiala [1], Spencer [14] and Matousek [8].
The three-permutation lower bound of Newman and Nikolov [10] refutes Beck’s conjecture. Ti-
jdeman’s chairman assignment theorem [16] bounds the prefix discrepancy of a common-order
assignment to m agents by (1 — 5——); Liu and Reis [5] extended this to weighted items with the
same constant, which in particular confirms the Morell-Skutella conjecture for the common-order
special case (“carpooling”).

3 Preliminaries

A routing assigns to each terminal i one simple path s — ¢;; its load vector is y = >, dix(F;).
Given a feasible fractional flow x and C' > 0, a routing is C-good if y, < x4 + Cdpnax for all a, and
cost-good if cTy < cTx.
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Definition 3.1 (per-instance constant). The critical constant of a pair (instance,x) is
C*(x) := min{ max(y, — Z4)/dmax : y is a routing with ¢’y < c¢'x }.
a

Any universal constant C' as in Theorem 4.7 satisfies C' > C*(x) for every instance and every feasible
fractional flow x.

The following elementary identity is used constantly throughout our proofs.

Observation 3.2 (baseline cancellation). Suppose terminal i has exactly two simple paths s — t;, P?

and Pil, the fractional flow sends d; f; on P! and d;(1 — f;) on Pio, and a routing selects P;*. Let

(]

A; = x(P") — x(P?) € {~1,0,1}". Then

Yy X= Zdz(zz — fz)Az

In particular, every arc used by both routes of i (a common prefix, a common suffix, or any other
shared arc) contributes nothing to A;, although it does contribute to the absolute load z,. Moreover,
if KT = cTx(Pr), then ¢c"(y —x) = 3, di(k} — £?)(2; — fi), so the cost constraint is a single signed
linear functional of the vector (d;(z; — fi)),-

The “exactly two paths” hypothesis is crucial to all that follows. A third simple path s — ¢;
would become a third integral option that cannot be encoded by the bit z;, and all our lower bound
instances have exactly two.

4 The four-interval family

4.1 The digraph

Let
Vo =8 —>VU] —>» V2 —>» VU3 —> Vg4 — Uy

be a directed spine whose arcs are indexed 0, ...,4 (arc j is vjvj41). Add four terminal vertices and
the eight exit arcs shown in Figure 2:

terminal early exit late exit
to voto v3to
t1 Vol U5ty
to v1ta U5t
t3 Val3 vyt3

There are no other arcs.

Lemma 4.1 (exactly two paths, and the interval structure). Fvery terminal t; has exactly two
simple paths s — t;, which we call early and late as shown in Fig. 2. Switching terminal i from its
early path to its late path adds d; on exactly the consecutive spine interval

IO = [072]7 II = [074]7 IQ = [174]7 I3 = [273]7

and changes only the two private exit arcs of t; otherwise. Consequently the row support of spine
arc e, Re ={i:e € I}, is

RO = {07 1}7 Rl = {Oa 172}a R2 = {Oa 17273}7 R3 = {1>273}a R4 = {L 2}



— early exit vy, t;,
per-unit cost 1/d;

— late exit vy, £1t;,
cost 0

spine arcs: cost 0

The drawing is planar;
contracting {va,vs,to} and
{va,v5,t1,t2} yields

a K4 minor with vg,vy.

Figure 2: The four-interval digraph. Every terminal has exactly two simple paths s — ¢;: a spine prefix
followed by its early exit, or a longer spine prefix followed by its late exit. No hybrid path exists for any
choice of parameters.

arc 0 arc 1 arc 2 arc 3 arc 4
) V1 v2 v3 V4 U5
( Io = [0,2] | do=1, fo=2t—1t
( I, = [0,4] | di=(1—-1)2, f1=1-—4t+t
[ I = [1,4] | dy=1—t, fa=t
( I3 = [2,3] ] dz3=1, fs=t+e
row support Re: {0,1} {0,1,2} {0,1,2,3} {1,2,3} {1,2}

Figure 3: The interval system. Row e of the route difference matrix is supported on R. = {i : e € I;}. Note
that Iy and I cross, so the system has no coverage-faithful realization; the spine realizes it only through the
common-prefix baselines of ¢ and t3.

Proof. Obvious by construction of the graph: the only arcs leaving v; are the spine arc j (for j < 4)
and the exit arcs incident to v;, every exit arc ends at a terminal, which has out-degree 0, so there
are only two paths s — ¢; for every ¢. The difference in the spine between them is the interval
I; = [t;, 1], where ¢; and r; + 1 are the two exit vertices. d

Note that Iy = [0,2] and s = [1,4] cross: neither contains the other and they intersect. A
system with crossing sets cannot be realized “faithfully”, with one shared arc per set traversed by
exactly the free routes of its members (see Problem 6.2); the spine realizes it only because the early
paths of t and t3 carry baseline load on arcs 0 and 0, 1 (see Figure 3).

Lemma 4.2. The underlying undirected graph is planar and has a K4 minor; in particular it is not
series-parallel.

Proof. Planarity is exhibited by Figure 2. For the minor, consider the four vertex sets

{/UO}7 {/Ul}) {U27U3,t0}7 {/U47/U57t17t2};

contracting them gives K4. A graph is series-parallel only if it is Ks-minor-free [3]. O



4.2 A two-parameter exact family

Definition 4.3 (the family F(¢,¢)). Fix rational parameters
0<t<2-v3, 0<e<(l-1t)?

and set
d=(1, (1-t)?% 1—t, 1), (2)

80 dmax = 1. Let the fractional flow send the following fraction of terminal i’s demand on its late
path:
f=(2t—1 1—4t+* t, t+e). (3)

All remaining flow, 1 — f, uses the early path. Put cost 1/d; on terminal i’s early exit arc and cost 0
on every other arc.

Lemma 4.4 (feasibility and costs). For parameters as in Definition 4.3:
(1) d; € (0,1] with dmax = 1, and £ € [0,1]%;

(2) Yiofi=1+¢;
(3) every full early path has cost 1 and every late path has cost 0, soc'x =3 .(1 — fi) =3 —¢;

(4) an integral routing is cost-good if and only if it uses at most two early paths, equivalently at
least two late paths; in particular, exactly 11 of the 16 routings are cost-good.

Proof. (1) For 0 <t <2—+v3 <1lwehave 0 < (1 —#)2 <1—1t < 1,50 dpax = dy = d3 = 1.
For the shares, fo = t(2 —t) € (0,1) and fo =t € (0,1) are clear; f; = 1 — 4t + t*> > 0 exactly
when ¢t < 2 — /3, and f1 < 1 since 2 < 4t; finally 0 < fs =t+e < t—i—(l—?ﬁ)2 < 1 because
t+(1—-t)?—1=1>2—t=—t(1—-1)<0.

(2) 2t =)+ (1 —4t+t) +t+(t+e)=1+e.

(3) The early path of ¢; consists of zero-cost spine arcs and the single early exit arc of per-unit
cost 1/d;; routing all d; units along it costs 1. Late paths use only zero-cost arcs. Hence

ch:Zdi(l—fi)-(l/di) =Y (1-fi)=4—(14¢e)=3—c.

(2

(4) An integral routing has cost equal to its number of early paths. Since 2 < 3 —¢ < 3, a routing
4

is cost-good iff it has at most two early paths. There are (é) + (1) + (3) = 11 such routings. O
By Observation 3.2 and Lemma 4.1, for a spine arc e and a routing z € {0,1}* (with z; = 1
meaning “late”),
Ye — Te = Zdz(zz_fz)a (4)
i€Re
while for an exit arc of terminal ¢ the overload is d;(1 — f;) if z; = 1 (its late exit) and d; f; if z; =0
(its early exit), so in both cases it is at most d; < 1.
Let
Ct)=(1—t)>(1 +4t —t?) =1+ 2t — 8% + 61> — 1. (5)



Lemma 4.5 (the six pair obstructions). Let 0 <t <2 —+/3 and 0 < e < (1 —t)2. The table below
lists maximum overloads over all arcs for each fixed late pair, as attained on the indicated witness
spine arc:

Late pair Max overload Witness arc
{0,1} C(t) 0
{0,2} C(t) 1
{0,3} Ct)—e 2
{1,2} C(t) 4
{1,3} C(t)—e 3
{2,3} Ct)y+t(l—t)—e 3

Moreover, if e < C(t) — 1 then additionally C(t) — e > 1, which holds in particular on the rectangle
7 4 1

Proof. Substituting (2) and (3) into (4) gives, for each pair, a vector of five polynomials in ¢,e. We
verify the witness identities and then the fact that they dominate the others.

Witness identities. For the pair {0,1} on arc 0 (Ro = {0,1}),
do(1— fo) +di(1— f1) = (1 =2t +t3) + (1 — t)%(4t — *) = (1 — )2 (1 + 4t — t*) = C(¢),

the last equality by expansion. The other five identities are the same computation; for instance for
{2,3} on arc 3 (R3 = {1,2,3}),

—difi +do(1= fo) +d3(1 = f5) = =(1= )’ (A =+ ) + (1 -)* + (1~ t —e),

which expands to 14+ 3t — 92 + 613 —t* —c = C(t) +t(1 —t) —&.

Witnesses have max overload across the spine. Subtracting each competing spine coordinate
from the claimed witness value yields the following table of gaps, in which every entry is a polynomial
in t and € with the stated closed form:

Late pair‘ arc 0 arc 1 arc 2 arc 3 arc 4
{0,1} — t(l—t)  e+t(2-1) e+1 1—t
{0,2} (1—1)? — ett e4+t2—t+1 (1—1t)2
{0,3} |(1-t)2?-¢ 1—-t-—c¢ — (1—1t)? 1-t)(2-t)—¢
{1,2} 1 t(2—1) e+t(3—-1) e+t —

{1,3} 1—¢ I+t—t2—¢c  t(2-1) — 1—t—e
{2,3} 2—t—e¢ 1+t—t2—¢c t2-1) — 1—t—¢

It is easy to see that every entry is strictly positive for 0 < ¢ < 1 and 0 < £ < (1 — ¢)2. Indeed,
entries without ¢ are obviously positive, as are entries of the form a + ¢ with « > 0. As for the four
entries where ¢ is subtracted, note that

(1—t)2—e>0 and 1—t—e > (1—t)—(1—t)?2=t(1—1t) >0,

and then note that 1 —¢, 1+t —t?>—¢,2—t—c and (1 —t)(2—t) — ¢ are all larger than 1 —¢ — ¢
on 0 <t < 1. Hence for each pair the claimed spine arc strictly dominates the other four. Figure 4
plots the six overload profiles.

Witnesses dominate private arcs. Every private exit overload is at most max; d; = 1. Write
C(t) — 1 = th(t) with h(t) = 2 — 8t + 62 — t3. It is a direct computation that h(t) > 0 on



Maximum spine overload of each two-late routing (t=t*, € =0.012); red = witness arc
late {0, 1} late {0,2} late {0, 3} late {1,2} late {1, 3} late {2, 3}

125 9oty —¢
1.00 -

0.75
0.50 ~

0.25 1

overload (Ve — Xe)/dmax

Figure 4: The overload profile of each two-late routing over the five spine arcs. The dashed line is the
critical level C(t*) — ¢; four of the six pairs are strictly above it, and two pairs {0, 3}, {1, 3} touch it exactly.

t € (0,2 —+/3]% s0 C(t) > 1 on (0,2 — /3]. If furthermore € < C(t) — 1 then C(t) — & > 1, which
means that no private arc can maximize overload.

In particular, on the rectangle 5—70 <t < 24—5, e < %, direct evaluation gives C(7/50) =
7120499/6250000 = 1.13927 ... and C(4/25) = 444969/390625 = 1.13912. . .; since C has a single
critical point there (see the proof of Theorem 4.7) its minimum on the interval is the smaller endpoint

value, so
C(t) —e>1.1391 — g > 1.

O]

Lemma 4.6 (exact critical constant). Under the hypotheses of Lemma 4.5 together with e < C(t)—1,
the critical constant of the instance F(t,€) is exactly C(t) — e.

Proof. Lower bound. Let z be any cost-good routing. By Lemma 4.4(4) its late set Z = {i : z; = 1}
has |Z| > 2. Pick a pair {i,j} C Z and let 2’ be the routing with late set exactly {7, j}. For every
spine arc e,
(e —xe) = (yo—x0)= > dmle€lyn] >0,
meZ\{i,j}

since all d,,, > 0. Hence the spine-overload vector of z dominates that of z’ coordinatewise, so
max, (Yo — Tq) > max.(y, — x.) > C(t) — € by Lemma 4.5, the last inequality because C(t) — ¢ is
the smallest of the six pair values (the four others are C(t) or C(t) + t(1 —t) — &, both larger).
Upper bound. The routing with late set {0, 3} is cost-good (two early paths) and, by Lemma 4.5,
has maximum overload over all arcs (spine and terminal exits) of exactly C(t) — . The same holds
for late set {1, 3}. O
2To see it formally, note that h”(t) = 12 — 6t > 0 on [0, 1], so the derivative h’'(t) = —8 + 12t — 3¢? is increasing, so

on [0,2 — /3] it is at most h'(2 —v/3) = —5 < 0 and h is decreasing there; and h(2 — v/3) = 2 — v/3 > 0, because
T =2 — /3 satisfies 72 = 47 — 1, hence 7° = 47? — 7 = 157 —4 and h(1) — 7 =2 — 97 + 6(47 — 1) — (157 — 4) = 0.




4.3 Optimization and the algebraic limit

Theorem 4.7. Suppose a universal constant C guarantees, for every instance and every feasible
fractional flow x, an unsplittable flow y with

Yo < xg+ Cdpax  (a € A), c'y <c'x.
Then
299 — 4141 9
C > C*:= D) = 1.139747070789 ... > 3

Moreover C* is the exact supremum of the critical constants of the family F(t,€), not attained by
any single member.

Proof. Differentiating (5),
C'(t) =2 — 16t + 1812 — 4t3 = —2(t — 1)(2t> — Tt + 1),
so the roots of C" are t =1 and ¢t = &T‘/‘H. Only

t* = 7_T VAL _ (149218940641 ...
lies in (0,2 —v/3) = (0,0.267949...), and C"(t*) = —16 + 36t* — 12(t*)?> = —10.895... < 0, so
t* is the unique maximizer of C on the feasible interval. We can reduce C modulo the minimal
polynomial 2t> — 7t + 1 of t* to

3

41
ct) = §+§t (mod 2t% — 7t + 1),

and therefore

3 41 7—+/41 299 — 4141
o)y =24 _ \
8 8 4 32

= 1.139747070789... > 9/8.

Now choose rational t,, — t* with 0 < ¢,,, < 2 — \/3, and rational ,, — 0 with 0 < ¢, <
min{(1 — t;,)%, C(ty) — 1}. By Lemma 4.6 the instance F(t,,&,,) has critical constant exactly
C(tm) — em, and C(ty,) — ey — C(t*). Multiplying all demands, path-flow amounts and costs by a
common denominator makes them integral and doesn’t change the normalized overload. Hence, any
universal constant C' should satisfy C' > sup,, (C(tm) — em) = C*. Note that no member attains
C*: a member has critical constant C(t) — e < C(t*) because it needs € > 0. O

Figure 5 plots the envelope.

4.4 An explicit integer subfamily
For a compact exact certificate, take ¢ = 3/20 and € = 1/n, and scale by dyax = 1600007n.

Corollary 4.8. For every integer n > 68, consider the digraph of Figure 2 with demands
(do,dy,dg,ds) = (160000n, 115600n, 136000n, 1600007),
late-path amounts

(uo, w1, uz, uz) = (44400n, 48841n, 20400n, 24000n + 160000),

10
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1.00 - ______________________________ ........
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t

Figure 5: The envelope C(t) of the four-interval family. The shaded region is the feasible parameter
interval 0 < t < 2 — /3, beyond which the share f; = 1 — 4t 4+ 2 becomes negative. The maximum is at
t* = (7 — v/41)/4; the marked rational point ¢t = 3/20 yields the integer subfamily of Corollary 4.8.

early-path amounts d; — u;, and per-unit costs (289,400,340,289) on the four early exits, zero
elsewhere. Then every full early path costs W = 462400007, ¢'x = (3 — 1/n)W, and the exact

critical constant is
182359 1

"7 160000 7
It exceeds 9/8 exactly when 1/n < 2359/160000, i.e. for every n > 68 = [160000/2359], and

3060103 9+ 103
2720000 8 ' 2720000

Proof. This is F(3/20,1/n) scaled by 160000n. Indeed
d = (1,(17/20)%,17/20,1) = (1, 28 1% 1)

Cog =

scales to the stated integers, and

_ (111 169 3
f= (4007400’20’20+ )

gives u; = d; f; as stated. Each product d;c; equals 160000n - 289 = W, so all early paths cost the
same. The parameters satisfy 0 < 3/20 < 2 — /3 and

0<1/n < 1/68 < min{(17/20)2, C(3/20) — 1} = min{0.7225, 0.13974 ...},
so Lemma 4.6 applies and gives critical constant C'(3/20) — 1/n. Finally,

— 81 __ 182359
(3/20) 1+ TO -8 400 +6- 8000 160000 — 160000 *

O

Appendix B lists the resulting overload table in integers.

The demand ratios 400 : 289 : 340 : 400 contain no divisibility relation, so the family respects
the chain firewall of [13, 9]; planarity keeps it consistent with the 2dmax upper bound of [17]; and
the K4 minor (Lemma 4.2) excludes the series-parallel class of [6].
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d = (15,10,15), D =15
c'z =58

every cost-good y has
maxg (Yo — Ta) = 16

c* =16/15

c=3

Figure 6: The seven-vertex instance with critical constant 16/15. Numbers on the spine are the fractional
loads z,. Note that the expensive route of t3 is not a private arc: this baseline load creates the third pairwise
conflict.

Remark 4.9 (Discovery). The instance was found by optimizing a floating-point circular weighted-
prefix abstraction whose witness supports turned out to have the consecutive-ones property; deleting
a load-irrelevant fifth terminal produced the four intervals above. The first certified value on this
topology was 8867/7800 = 9/8+23/1950 at the parameter point d = (1, %, %, 1), f= (%, 1%, %, 1%),
the two-parameter family subsumes it, and we give the best found value above.

4.5 Exact verification

Four independently written programs accompany this paper; see Appendix A. The primary verifier
constructs the raw arc list and discovers every simple path s — ¢; path by depth-first search; it does
not receive the two intended paths as input. It finds exactly two paths per terminal, enumerates all
24 = 16 integral routings, retains the eleven cost-good routings, and computes loads and costs in
exact rational arithmetic, confirming Corollary 4.8 at n = 68,100, 1000, 10° and confirming that
n = 67 does not exceed 9/8 (its constant is 12058053/10720000 = 9/8 — 1947/10720000). A second
implementation represents every overload as an affine function of n and proves Corollary 4.8 for all
n > 68 symbolically. A third verifies the six witness identities of Lemma 4.5 exactly, certifies each
of the 36 dominance gaps on the whole parameter rectangle by a Bernstein certificate, and confirms
the factorization of C” and the closed form of C(¢*). A fourth, written from the prose description
alone, repeats the blind path discovery and full routing enumeration, and independently reproduces
Propositions 5.1 and 5.2.

5 Previous counterexample: the seven-vertex instance and the
exact value of the previous template

For calibration, we restate the known counterexample and determine the exact supremum of its
general template. Figure 6 shows the instance of [11].

Proposition 5.1. For the instance of Figure 6, namely demands (15,10,15), fractional amounts
5,4,5 on the free paths suvty, suvwts, suvwts and 10,6,10 on sti, sty, suts, and costs 2,3,2 per
unit on st1, sta, uts, there are exactly two simple paths per terminal, c'x = 58, exactly four routings
are cost-good, and the critical constant is exactly 16/15.

Proof. Each terminal has exactly the two listed paths (immediate from the arc list; ¢3 has suts
and suvwts). Each full expensive route costs 30, so ¢'x = 30(% + % + %) = 58, and a routing is
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cost-good iff it uses at most one expensive route, i.e. at least two free routes. The three two-free
routings have excess 16 on vw, uv, su respectively, and the all-free routing has excess 24 on su;
since dpax = 15, the minimum over cost-good routings is 16/15. All comparisons are integral. [

The three free paths of Figure 6 form a prefix tree, so the conflict system is not the triangle it
appears to be: the three pairwise conflicts arise because the expensive route suts loads the shared
arc su. The next proposition shows this template cannot be pushed past 9/8, which is why a new
system was needed.

Proposition 5.2 (exact supremum of the symmetric triangle template). Consider the template
of Figure 6 with normalized outer demands di = ds = 1, middle demand dy = b € [0, 1], free-path
shares (r,o,r), equal full expensive-route costs, and cost margin 2r + o =1+ n with n > 0. Then
the critical constant of every member is at most (3 —n)%/8 < 9/8, and the bound is attained by
T S/ e
4 4 2

Therefore, 9/8 is the exact supremum of the template (not attained in the family). The integer
members n = 1/n have ezact critical constant (3n — 1)?/(8n?).

Proof. For 0 < n <1 the cost-good routings are exactly those with at least two free choices. Direct
subtraction on the three shared arcs gives two distinct pair obstructions,

A=2-2r—bo (the outer pair, on uv),

B=1+b(1-0)—r (an adjacent pair, on su or vw),

and every private-arc overload is at most 1. Substituting c = 1+n—2r gives A—B=1—-b—r. For
fixed 7, A is nonincreasing in b (as ¢ > 0) and B is nondecreasing in b (as 1 — o > 0), so min{A, B}
is maximized where they are equal, namely at b = 1 — r, where the common value is

Fy(r)y=010-r)1—-n+2r).

The identity

—n)? 2
(38”)—1?77(74):2(“11_”) > 0
gives min{ A4, B} < (3 —n)?/8, with equality exactly at r = (1+7)/4. Since n > 0, (3 —7)2/8 < 9/8,
and letting 1 | 0 shows the supremum is 9/8. For n > 1 only the all-free routing is cost-good and its
central overload is 2—2r+b(1—0) < 2—n < 1, using (2—n)— (2—2r+b(1—0)) = (1-b)(1—0) > 0.
For the integer members put 7 = 1/n and clear denominators: dy = d3 = 8n?, dy = 2n(3n — 1),
free amounts 2n(n + 1), (3n — 1)(n 4+ 1),2n(n + 1), expensive per-unit costs 3n — 1,4n,3n — 1; the
common witness excess is (3n — 1)2, and we get (3n — 1)2/(8n?). O

Proposition 5.2 also shows that parallel or serial composition cannot amplify constants: choosing
a cost-nonincreasing rounding independently in each component of a disjoint union gives the
maximum, not the sum, of the component congestions, and the same holds for a serial composition
whose set of paths is the Cartesian product of local fragments.
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6 Discussion, open problems, and conclusion

6.1 The conjectured value

Conjecture 6.1. The exact supremum of forced cost-preserving additive constants for single-
source unsplittable flow is 2, and it is not attained: every instance admits an unsplittable y with
y < X 4 2dmaxl and ¢’y < ¢'x, while instances exist forcing constants arbitrarily close to 2.

Three independent pieces of evidence point at Conjecture 6.1. First, the planar theorem of Traub,
Vargas Koch and Zenklusen [17, 18] gives |y, — Z4| < 2dmax with cost preservation unconditionally
for planar instances; note that every instance in this paper, and the seven-vertex one, is planar.
Second, the transformation of Swamy, Traub, Vargas Koch and Zenklusen [15] turns the two-sided
cost-free conjecture of Morell and Skutella [9] into a cost-preserving 2dp,.x guarantee in general.
Third, in the abstract rounding model that flow instances project to (Section 6.2 below), obstructions
witnessed by pairs of terminals cannot exceed 2dnax at all, because such an obstruction has value
di(1— fi) +d;j(1 = f;) < 2dmax; and 2 is approached there by odd antiholes. Closing the gap between
C* =1.1397... and 2 is the main remaining open problem.

6.2 The abstract projection, and why it does not settle the question

By Observation 3.2, an instance in which every terminal has exactly two routes projects onto the
following purely combinatorial problem. Fix a set system #H on [k], demands 0 < d; < dpax, shares
f € [0,1]F and weights w; find z € {0,1}* with

S di(zi — fi) < Cduax (S € H), sz zi— fi) 20, (6)

€S

where the second inequality encodes cost preservation. This abstract problem is unbounded: it is
essentially one-sided set discrepancy with one preserved linear functional, and there exist standard
discrepancy constructions such as Hadamard sign systems or the three-permutation prefix system of
Newman and Nikolov [10] that yield C' — oo. Even much weaker conflict systems already reach the
conjectured ceiling: odd antiholes C,, force 2 — 4/n and complete graphs 2 — 2/n in the abstract
model.

So the abstract problem is not the obstruction; the problem is that it is hard to realize these
constructions. The naive way to implement a prescribed system is to give each set S one shared arc
ag traversed by exactly the free routes of the members of S.

But it is easy to see that this does not work for a system with two crossing sets A, B. Pick
r€ ANB and j € B\ A. The free route P, contains both a4 and ap; if a4 precedes ap on it, splice
the prefix of P; up to and including ap with the suffix of P, after ap. The result is a zero-cost walk
s — t, that misses a4, and erasing cycles leaves a genuine zero-cost path s — ¢, missing a4, which
is an unintended route that breaks the intended encoding. Note that fixing costs cannot repair this
problem: if P; = A;0Q o B; and P; = Ajo @ o B; share a subpath @, then for any arc-additive cost
vector

c(A;jo Qo Bj)+c(Aj o Qo B;) = c(F;) + c(Pj),

so the two splices cannot both be strictly more expensive than both originals.

The four-interval family that we have presented sidesteps this entirely: it is splice-free by
construction (Lemma 4.1), and it realizes crossing intervals not by incidence but through the
baseline loads of early routes.

The splicing above, however, is a simple example of a general problem with devising gadgets for
this problem: gadgets designed on an abstract conflict system routinely acquire extra paths, and an
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extra path is an extra integral option that the intended analysis does not see. So in general, every
candidate must be rebuilt from its raw arc list and re-checked against all simple source-terminal
paths to verify that nothing unintended has slipped in. So even though the graph presented in this
work is very simple, we have done it in the programmatic verification part for our counterexample.

6.3 Open problems for further work

Open Problem 6.2 (realizability). Characterize the conflict systems that arise as route-difference
systems of a single-source instance in which every terminal has exactly two simple paths, and
determine whether any of them forces a constant above C*. In particular: is there such a family
with certified constant above 3/2, or approaching 27

Open Problem 6.3. Determine the supremum of exact constants over the spine-with-exits class: a
directed path plus private exit arcs, with arbitrarily many exits per terminal. Every instance in
the class is splice-free and exactly decidable, so this is a concrete finite-dimensional optimization.
A ceiling theorem for the class would be the first upper bound below 2 for a nontrivial family of
realizable systems, while any value above C* would improve Theorem 4.7.

Open Problem 6.4. Prove any unconditional universal constant with exact cost preservation for
general graphs. None is currently known: the planar bound of [17] and the series-parallel theorem
of [6] are the only unconditional cost-preserving additive guarantees available, and the general case
rests on the Morell-Skutella conjecture via [15].
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Verification artifacts

The repository accompanying this paper contains:

(1)

(2)
3)

(4)

the primary exact verifier: blind depth-first path discovery from the raw arc list, full routing
enumeration, fractions.Fraction arithmetic; it checks Corollary 4.8 at n = 68,100, 1000, 10°
and the refutation at n = 67, and reproduces Propositions 5.1 and 5.2;

the affine-in-n symbolic auditor proving Corollary 4.8 for all n > 68;

the symbolic envelope auditor for Lemma 4.5 and Theorem 4.7, including exact Bernstein
certificates for all 36 dominance gaps on the parameter rectangle, the factorization of C’, the
location of t*, and the closed form of C(t*);

an independently written second pair of auditors reproducing (i) and (iii) from the prose
description alone.
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B The exact overload table of the integer subfamily

For the reader who prefers integers, here is the complete overload table of Corollary 4.8 in units of

dmax = 160000n. Recall d/dmax = (1,359, 32.1) and f = (55, 192, &, 2 + 1),

late pair ~ maximum overload  witness arc  tight?

{0,1} 182359/160000 vov1
{0,2} 182359,/160000 V10
{0,3}  182359/160000 — 1/n V03 v
{1,2} 182359,/160000 V4vs5
{1,3}  182359/160000 — 1/n V304 v

2,3} 202759/160000 — 1/n V304

Every private-exit overload is at most 1, and every routing with three or four late termi-
nals dominates one of the six rows coordinatewise on the spine. Hence the critical constant is
182359/160000 — 1/n, attained exactly by the late sets {0,3} and {1, 3}.
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